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Abstract 

We study C*-algebra endomorphims which are special in a weaker 
sense w.r.t. the notion introduced by Doplicher and Roberts. We assign 
to such endomorphisms a geometrical invariant, representing a cohomo- 
logical obstruction for them to be special in the usual sense. Moreover, we 
construct the crossed product of a C*-algebra by the action of the dual 
of a (nonabelian, noncompact) group of vector bundle automorphisms. 
These crossed products supply a class of examples for such generalized 
special endomorphisms. 

AMS Subj. Class.: 46L05, 46L08, 22D35. 
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1 Introduction. 



Let ^ be a unital C*-algebra with centre Z . For each pair of endomorphisms 
p, (T, we consider the intertwiners spaces (p, a) := {t Q A : a{a)t — tp(a), a £ A\ . 
Every {p,(t) has an obvious structure of Banach Z-bimodule z,t i— > zt, with 
z G Z, t G {p,a). In particular, if p is the identity t, we get a Hilbert 
.Z-bimodule, endowed with the natural Z-valued scalar product t,t' i— > t*t' , 
t, t' G (i, a) . We say that an endomorphism p is inner if (i, p) is non-zero 
and finitely generated as a right Hilbert Z-module, i.e. if there is a finite set 
{i/';} C such that p(l) = J^i^i^i ■ terminology is justified by the 
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fact that if p is inner then, for a £ A, 

so that p is induced by every set of generators of (t, p) , which play a role 
analogous to the unitaries for inner automorphisms. Viceversa, every finitely 
generated Hilbert -Z-bimodule contained in A in the above sense induces an in- 
ner endomorphism of A , via . The previous notion of inner endomorphism 
has been considered and used in ,10^ . in the case in which A has trivial centre; 
the terminology adopted in that context is Hilbert space in a C*-algebra, since 
the scalar product is C-valued. 

As for C*-algebra automorphisms, one can define the crossed product by an 
endomorphism, in such a way that the endomorphism itself becomes induced by 
an isometry (a one dimensional Hilbert space, in our terminology; see |22llSl[T3]). 
More general constructions have been done by using Hilbert spaces of isometrics, 
as in cind after in |2H|- In the first-cited reference, the crossed product of 
a C*-algebra by an endomorphism is related to the duality theory for compact 
groups, in the following sense: the set endy^ of unital endomorphisms of A, 
with arrows the intertwiners spaces {p, a) , has a natural structure of a tensor 
category when endowed with the tensor structure 

( p,(T ^ pa -.^ poa 

\ t.t'^txt' -.^ tp{t') = p'{t')t e {pa, p'a') ^ ^ 

where t S {p,p'),t' e {a, a'). Thus, one could ask which are the conditions 
such that some full subcategory of endA is isomorphic to a group dual. The 
basic step for the answer is given (in the case of a single endomorphism) by the 
following definitions: 

Definition 1.1 (Permutation symmetry). A unital endomorphism p of A 
has permutation symmetry if there is a unitary representation p e{p) of the 
group Poo of finite permutations of N in A, such that: 

e{§p) = poe{p) (1.3) 
e:=£(l,l)e (p^p2) (14) 

eis,l)t = pit) £(r,l) , te{p\pn , (1.5) 

where (r, s) £ P^+s permutes the first r terms with the remaining s , and § is 
the shift (§p)(l) := 1, {Sp){n) := 1 + p{n - 1), p G Poo CP„, n G N, denotes 
the usual permutation group of n objects). The above properties imply that 

e{p)^{p",p") , neN, peP„ ; (1.6) 
we say that p has weak permutation symmetry if just i) 1^1. b]) hold. 
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Definition 1.2 (Special Conjugate Property). Let p he an endomorphism 
of A with permutation symmetry, p has dimension d > 1 and satisfies the 
special conjugate property if there exists an isometry R G such that 

1. R*p{R) = {-if-^d-^l , 

2. RR*^P,,d ir E sign(p)e(p). 

pePd 

The previous definitions model at an algebraic level respectively the symmetry 
of the tensor product and the existence of a determinant for a representation of a 
compact group. An endomorphism satisfying Def ll.2l is called special, according 
to the terminology of ^1 §4] . Let us now denote by p the full tensor subcategory 
of end^ with objects p^ , r G N, and arrows {p^ , p'^) . In this setting, it 
can be proven that if ^ is a unital C*-algebra with trivial centre, and p S 
end^ a special endomorphism, then p is isomorphic to the category of tensor 
powers of the defining representation of a compact Lie group G C Sl]{d) ( \V2i 
Thm. 4.1, Lemma 4.6]). The above-cited theorem is an important step towards 
the Doplicher- Roberts duality for compact groups, and is motivated by questions 
arising in the context of algebraic quantum field theory (see 1^3] and related 
references). It has also been applied to the nontrivial centre case in |2| E], 
by maintaining (in essence) the properties Dcf ll.ll Dcf ll.2l the result (in the 
case of a single endomorphism) is a crossed product where the endomorphism 
becomes induced by a free module of the type Z , and a group G C §U((i) 
is recovered as in the trivial-centre case. 

As pointed out before, in general the natural objects that provide the notion 
of inner endomorphism are (not free) Hilbert C*-bimodules over the centre of 
the given C*-algebra i.e., by the Serre-Swan Theorem, modules of continuous 
sections of vector bundles. In the present paper, which is a continuation of [ST] , 
we study the analogues of the previously quoted constructions in a generalized 
setting: we consider a nontrivial centre and relax permutation symmetry and 
special conjugate property, which do not hold in the examples that we consider 
(shift endomorphisms in the setting of Cuntz-Pimsner algebras). Instead of 
compact Lie groups, we will deal with certain non-compact groups of vector 
bundle automorphisms. 

The present paper is organized as follows. 

In SectionOwe go through the same line of and generalize the notion of 
dual action of a Lie group on a C*-algebra A. Let £ ^ X be a vector bundle, 
US the unitary group of f , C JJ£ a closed group. A dual G-action is a 
functor p : G endA , where G is the category of tensor powers of the defining 
representation uq of G over £ (see ()2.4|l 'l. In this setting, we construct a crossed 
product C*-algebra ^ G, containing the module £ of continuous sections of 
£ (Thm im|l . £ induces on A the endomorphism p{uq) E end^, as by Hl.l() . 
There is a strongly continuous action G aut(y^ x:^ G), in such a way that 
(with some technical assumptions) the fixed-point algebra is isomorphic to A 
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(Lemma I4.13|l . The crossed product ^ x ^ G supplies a generalization of the 
notion of Hilbert C*-system considered in |21 El E] • 

In Section 0] we study C*-algebra endomorphisms which are quasi-special 
(resp. weakly special) according to generalized (less restrictive) notions of per- 
mutation symmetry fDef l4.3( l and special conjugate property fDef l4.7() . In par- 
ticular, we allow the existence of intertwiners that do not satisfy (|1.5|) : otherwise, 
we will talk about symmetry intertwiners fDef l4.l|) . Let p G end^ be a (unital) 
weakly special endomorphism; we define 



and assign to p a geometrical invariant c(p) cq{p) © ci{p) , belonging to the 
sheaf cohomology group 



('Def l4.Hj|l . The first summand in H^{X'',Z) corresponds to a generalized di- 
mension of the permutation symmetry; the second summand in H'^[X'' ,1) de- 
notes a cohomological obstruction to get the special conjugate property in the 
sense of Def ll.2l Special endomorphisms in the sense of |12[ ^ thus correspond 
to elements of the type d © € H°^'^{XP,T), d G N. We give duality results 
when a dual action is defined, characterizing p as the category of tensor powers 
of a suitable G-Hilbert bimodule fProp l4.in Prop l4.16|l . 

Section 13 contains our main result. We prove that if p is a weakly special 
endomorphism in the sense of Def 14.101 then for every vector bundle £ — > 
with rank cq{p) and first Chern class ci(p), a natural dual SU£ -action is 
induced on A CThm tOl here SU£ C U£ denotes the group of unitaries with 
determinant 1). Moreover, the C*-algebra Op,^ C A generated by symmetry 
intertwiners is characterized as a C*-algebra bundle, and a unique family of 
compact groups {Gx Q EiV{d)}^^^p is associated to p, in such a way that the 
fibre of Op.e over x G X^ is the fixed-point algebra of the Cuntz algebra Od 
w.r.t. the canonical Gx -action. 

2 Keywords. 

2.1 Some definitions and references. 

The Doplicher- Roberts theory for special endomorphisms can be found in pill2|. 

Let X be a locally compact Hausdorff space. A Ca{X) -algebra is a C*- 
algebra A endowed with a nondcgenerate inclusion Cq{X) ^ ZAI{A), where 
ZM{A) is the centre of the multiplier algebra ( 17 ). In the unital case (with X 
compact), then C{X) is just a unital subalgebra of AO A' . We will denote by 
autx^ (resp. endxA) the set of automorphisms (resp. endomorphisms) of A 



C{XP) := if e An A' : p{f) = f} , 



(1.7) 



H"^^{XP, Z) :^ H°{XP, Z) ® H^iXP, 1) 



(1.8) 
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preserving the Co (X) -algebra structure. Every Cq (X) -algebra can be regarded 
as an upper-semicontinuous bundle of C*-algebras (01^); in particular, every 
continuous bundle of C*-algebras over X {\7\ Chp.lO],2Bl) is a Co (X) -algebra. 

For general properties of Cuntz-Pimsner algebras, we refere to JT- In the 
present paper, we will follow the approach used in We refere to the last-cited 
reference also for the notion of Hilbert bimodule in a C*-algebra considered in 
the previous introduction. 

For basic properties of vector bundles, we refere to ^ 116) . About the Cuntz- 
Pimsner algebra of a vector bundle, and the associated canonical shift endomor- 
phism, we refere to [32]; for readers which are unfamiliar with the above-cited 
reference, we recommend the following subsection. 

2.2 Tensor categories in the Cuntz-Pimsner algebra of a 
vector bundle. 

Let X be a compact Hausdorff space, £ X a rank d vector bundle, d E N. 
It is well-known that the Hilbert C(X) -bimodule £ of continuous sections of £ 
is finitely generated; we consider a finite set of generators C 5, n G N. 

The Cuntz-Pimsner algebra Os associated with £ can be described in terms of 
generators and relations: 

tpllpm = {lpl,tpm) , i^lf = ftpl , ^1pl1Pl=^ , (2.1) 

I 

where / G C{X), and (•, •) denotes the C(X)-valued scalar product oi £ . In 
the sequel, we will regard at £ as a (generating) subset of . It turns out 
that is a C*-algebra bundle over X , with fibre the Cuntz algebra Od f |32[ 
ProD.2].[77|). Let r, s G N; we denote by £^ the r-fold tensor power of £, 
and by (f ,f ) the Banach C(X)-bimodule of vector bundle morphisms from 
f into £^ . By the Serre-Swan theorem, (f ,f ) can be identified with the 
set of C(X) -bimodule operators from £^ into f * , where £^ denotes the r-fold 
(internal) tensor power of £ . In particular, we define l £^ := X x C, so that 
there is a natural identification £ = {i,£). Let ijj , ijj' , ip G £ , and 6*^',^ € {^i^) 
be the operator 6tf,'^^ip := ip' <p) ; every (£'",£'') can be regarded as a Banach 
subspace of Os , and by p. 1(1 we find that the following relations hold in Oe ■ 

li L :~ {li, . . . , Ir} is a multiindex with lenght r G N, we introduce the notation 

^L:=i^h---i^i^e{i,£ncO£ (2.2) 

so that (£^£^) = span {fiPMi^l = / ^ (^W^ 1^1 = \M\ = s} . Let U£ denote 
the unitary group of £ , and G C \J£ a closed group. Then, G acts in a natural 
way on Os by C(X) -automorphisms: if (7 G G, the associated automorphism 
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g e siotxOs is defined by 

g{t)-=9s-t-9le{£^,£') , ^e(£^£^), (2.3) 

where gr := g ® ■ ■ ■ ® g ^ (f, f'') denotes the r-fold tensor power. We denote 
by G the category with objects 8"^ , r S N, and arrows 

(£:^£:^)G:={<e(f^r):g(^)-^} . (2.4) 

It turns out that G is a tensor C*-category in the sense of with (t, l)g = 

(t, i) = C{X) . We also denote by Oq ^ Os the C*-subalgebra generated 
by the set {(f, f )g, t", s G N} . It is clear that Og is a bundle; we denote 
by {Og)x Q Od, X ^ X, the corresponding fibres. Let us now consider the 
canonical cndomorphism 

aeendxOg , a{t):=l®t , t£{£\E') . (2.5) 

It turns out that a is inner in the sense of the previous section, with (t, a) = 
{l,£) = £ ([2ni Prop. 4. 2]). Moreover, a has permutation symmetry, induced 
by the flip operator 

e = ^rni^l^*m^*l ^ (^'' ^')u£ : ^V'^' = V'V ■ (2-6) 

Thus, we get unitary representations 9 p i-^ 9{p) £ {£^,£^) (|^ Rem. 4. 5]). 
a satisfies the special conjugate property Def ll.2l if and only if the first Chern 
class of £ vanishes f |31l Lemma 4.2]): in general, instead of the partial isome- 
try appearing in DcfO we have the Hilbert C(X)-bimodule 7^ := (t,A£) C 
(t, a'^) , corresponding to the module of continuous sections of the totally anti- 
symmetric line bundle \£ G £'^ . If {Ri] C (i,cr'') is a finite set of generators 
for TZ , then we find 

^ R^R* = Pe,a ]f E sign(p)0(p) ; (2.7) 

moreover, 

R*<7[R') = {-l)'^-^d-^R*R' , R,R'en. (2.8) 

For every G C SU£, it turns out TZ C [l,£'^)q. Since Oq is cr-stable, the 
endomorphism uq '■— cr\oa ^ GndxCc is well defined; it turns out that 
{£^,£^)g = {(TQ,aQ), r, s g N, so that there is an isomorphism of tensor 
C*-categories G ~ ctg (^D Cor. 4. 4]). We recall a last result: let x £ X , and 

G^ :- {u e lJ{d) : u{y) ,ye {Oah ^ Od} • (2.9) 

If G C SU5, then {Oc)x — , x E X. A suitable topology (compatible 
with the one of XJ£) can be defined on the set {G^}^^^ , in such a way to get 
a bundle Q ^ X . It turns out that the stabilizer auto^Og of Oq in Os is 
isomorphic to the group SG of continuous sections of Q . Moreover, there are 
inclusions GCSGCU£, and G = Sg, i.e. (f^f")G = (f^f')sG, r,s e N. 
In general, G may not coincide with SG ( \M\ §4.3]). 
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3 Crossed Products by Dual Actions. 



3.1 Basic Definitions. 

Definition 3.1. Let A be a unital C*-algebra, X a compact Hausdorff space, 
£ ^ X a vector bundle with a closed group G C U£ . A dual G -action on A 
is an injective functor of tensor C*-categories /i : G — > endyl. 

G is the tensor C*-category defined by H2.4|l : since = ,f )sg, 

r, s g N, we may always assume that G = SG (see Sec l2.2() . In ttie sequel we 
will denote p := ijl{£) G endA, so that a dual G-action (all the objects of G 
being tensor powers of £ ) is actually an injective functor of tensor G*-categories 
H : G p, where p is the full subcategory of endyl generated by the powers 
of p. Thus, the condition that p preserves the tensor product is expressed by 

piy ® y') /i(y) x p{y') = p{y) ■ p'' o p{y') , 

y e {£\£')g, y' e (£''', £*')g (see (O). In particular, p{f) = p{l ® /) = 
P° A^(/)i / £ = {^:^)g, where 1 e {£,£) denotes the identity map; thus, 

p,{f) e C{X'') (see (|1.7ll '). and we have a unital monomorphism p : G{X) ^ 
G{XP). So that, a surjective map : X^ ^ X is induced, and it is not 
restrictive to assume that X — X^ : in fact, we may replace £ with the puUback 
£p := £ Xx XP XP , and identify G as a subgroup of Ufp. 

Thus, Og and A have an obvious structure of G(X^) -algebra. Since 
{aQ^Go) = {£^,£^)g, r, s e N, it follows by definition of Og that the dual 
G-action p can be regarded as an injective G(X'')-morphism p : Og — * A, 
such that 

poaG = pop , ^(ctgjCTg) C (p'',p^) , r,s e N . 

Thus, the definition of dual action by Doplicher and Roberts in ^1 §2] is in- 
cluded in our general setting. Note that differently from the above-cited refer- 
ence, our group G may be noncompact: for example, consider £ :— XxC^ , and 
G be the group of continuous U((i) -valued maps coinciding with the identity 
over some closed W C X . This will be reason of some technical complications, 
since no Haar measure is avalaible (Lemma 14.131 Lemma [4. 151 Lemma r4.14|l . 

Aim of the present section is to construct a universal G*-algebra ^ G 
with a commutative diagram 

A "-^Ax^G (3.1) 

Og^ Oe 

such that 

^ • i{a) ~ i o p[a) ■ , (3-2) 

tp £ j{£) , a E A. In such a case, we will say that Ax^^G is the crossed product 
of A by the dual action p. Note that by commutativity of the above diagram 
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«(/) = jif) , f G C{XP) . If {^i} is a set of generators for j{£) , then by 
we find i o p[a) — ^l;ii(a)ipi* , so that p becomes inner in A x:^ G. 

Example 3.1. Let X be a compact H aus dor ff space, £ —* X a rank d vector 
bundle. The circle T acts on £ by scalar multiplication, so that there is an 
inclusion T C \J£ . By Y2.3\) . we get the circle action T — )■ axxtxOg (see 
]2xA %3]); we denote by the fixed-point algebra. Og can be described as 

an inductive limit {£,£) ^ ••• ^ (f jf) ^ [£^'^^,£'^^^) ^ where 
ir{t) := t (g) 1 . Thus, the category T has nontrivial arrows only for r = s , with 
{£'^,£^)t = {£'^,£^). Let aj := crloo ; since {£^,£'^)f = {aj,aj), the identity 

automorphism of defines a dual action /ig : T aj . Now, the morphisms 
00 00 ^ Of realize the property EIJ), with A ^ , A xi^,G ^ Og; 
moreover, since ctt becomes inner in Og , we find 

Note that if C ^ X is a line bundle, then {{£ ® Cf , {£ ® Cf) = {£",£") = 
{aj, a^), r e N. Thus, we also find Oe.®c — 0% ^i^e^c ■ 

Example 3.2. Let £ ^ X be a vector bundle over a compact Hausdorff .space 
X, G C U£ a closed group. Since {£^,£'^)g = {'^g^'^g)' r,s ^ 'H, a dual 
action /i : G — s- ctg C endOg is defined. The inclusion Oq ^ induces 
the commutative diagram i),^. where fi, j are the identity map, and i is the 
inclusion Og ^ Os . The canonical endomorphism being inner in Og , the 
property ij^.jj)) is satisfied, thus Og = Og >^p,G. More generally, let £,£' —f X 
be vector bundles, with G C XJ£ , G' C JJ£' such that there is an isomorphism 
of tensor categories fi : G ^ G' . Then, fj, defines a dual action ^ : G og' C 
endOc , and Og — Og' >^p, G . For example, if £ , £' have the same rank and 
first Chern class, then Og = Osvg' SU5 (IM Cor.4.18]). 

Remark 3.1. Let fi : G p, G C \J£ , be a dual action. Then, p e end^ 
has weak permutation symmetry. In fact, note that 9{p) e {£^ ,£'^)g for every 
p G Pr , r G N (see H2.2\) . Thus, we can define the unitary representations 
e{p) ■.= po9{p) G {p-,pn,pePr- 

3.2 The algebraic crossed product. 

We now proceed to the construction of our crossed product, by starting at a 
purely ^-algebraic level. Let ^Og (resp. ^Og) denote the dense *-subalgebra 
of Og (resp. Og ) generated by the spaces (resp. {£^,£'')g), r, sGM. 

We fix our notations with a, a' , . . . for elements of f,f',... for elements of 
C{XP) , t,t', . . . for elements of ^Og , ip , ip' , . . . for elements of (t, £) , y,y', . . . 
for elements of ^Og ■ 

We consider the algebraic tensor product A © °Og , and the quotient A 0^ 
^Og by the relation 

ap{y) ®t — a® yt . (3.3) 
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By construction, "Cf is a ^OG-bimodule; in particular, it is a C{Xp)- 

bimodule with coinciding left and right action. The universality implies that for 
each C*-algebra B satisfying H3.1I3.2|I there is a unique Hnear map ^0^°O£ 
B, defined by a 0^ i i— > i{a)j{t) . 

Our purpose is now to define a *-algebra structure on A 0^ "Of , by using 
the left regular representation (on the line of ^1 §3]). Let end(^ 0^, "Cf) 
denote the algebra of C(X'')-bimodule maps of AQfj, "Of ; for each 0,-0, we 
define the following elements of end(^ 0^; "Of) : 

a {a' (8)^t) := aa' (g)f_,t (3.4) 



%p (a' 0,, t) := p{a') 0^ tpt . (3.5) 
Note that the following relations hold: 



Tp a = p{a) tp . (3-6) 

We now make the assumption that G C SU£, so that {l,X£) C {l,£''-)q. 
We consider a set of generators {Ri} of (i, \£) , and define 

V^^=\/d0;i?, e (t,fT'^-i) . (3.7) 

Let us establish some useful relations for the ip] 's. It follows by definition that 
€ (t, i) — C{XP) ; furthermore, by multiplying on the left by xpi , and by 
summing over I in (|3.7() . we obtain 

Y,i^S\ = VdR, ■ (3.8) 
I 

now, by definition of ipl , 



1 

7d 

so that, by using (|2.8|l we find 

i i ^ i 

hence 

V'r = Vd(-i)''-i^i?*v^^ . (3.9) 

i 

The above identities suggest to define (keeping in mind 13. 5() . and recalling that 
every Ri is an element of "Osue ^ "Og), 

^ (a 0^ t) := Vd{-lY-^ M(i?r)p'"'(a) 0p • (3.10) 

i 

By the previous definition, using the fact that p,{R*) G (p'', i) , and by H3.9|l . we 
obtain 

■0; (p(a) 0^ i) = a 0^ ■(/'ft . 
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Lemma 3.2. Let {ipi} be a set of generators of £ , and id G end(^ 0^ ^Os) 
denote the identity. The following relations hold: 

Proof. The first identity follows from (|3.6f) . In order to prove the second identity, 
we compute 

= a®^ i-lY-^ VdJ^R^^ii^n^t = 

i 

= aig)^ iplipmt ; 

about the third one 

I l,i 

- {-l)''-^Vdj:p o /i(i?*)p'^(a) (g)^ ^i^it = 
i,i 

= {-l)'^-^dJ2f^oa{R*)fi{R^)a(g)^t^ 

i 

= a'Sifj.t . 

□ 

By (EIH), and the previous lemma, we obtain: 

Corollary 3.3. The map ijj i—^ ^ , ijj € £ , is a C{XP) -module map and extends 
to an algebra monomorphism ^Og ^ end{AQ^^O£) . 

Now, we have algebra monomorphisms from ^Og^A into end(^ 0^^ ^Os). 
In order to obtain the desired immersion A 0^ ^Of ^ end(^ 0^ ^Og), we 
have to verify that y = ii{y) , y G Oq ■ For this purpose, we prove the next two 
lemmas. 

Lemma 3.4. Let r S N. If y £ {l,£^)g, then y = fJ,{y) . In particular, 
R = ^(i?) for every R G (t, \£) C (/-, £'^)g ■ 

Proof. If y e {l,£^)q, then fi{y) £ {l,P^), so that 

y{a 0^ t) = / (a) 0^ = p'{a)p{y) 0^ t = ^(y)a 0^ i = M(2/)(a • 

□ 

Lemma 3.5. Let 6 € {£'^,£'^)g denote the flip ItE^) : then, 6 = p{9) . 
Proof. Let us compute 

V^;Vl(a0^ t) = {-lY-^dY.lplMR^)p''-\a) 0^ V^^t) = 



10 



by using (|3.8|l . the identity p o ^[Ri) = fi o aciRi) G (p, p'^'^^) , and (|2.8|l . we 
obtain 

^(a ®^ = ^ ^i^^^l^*^{a ®^ t) = 

l,m 

= d^l Y: pon{R*)p^d-l^f,^^^^^^^^J^^^ 
i.j,l.7n 

= d^p{9) (^pop{aG{R*)R^)pi<JGiR*)RJ)^a(g>^t = 
= p{0)a (E)^t = p{0){a (g)^, t) . 

□ 

About next lemma, see the "pointwise version" |12[ Lemma 2.3]. 
Lemma 3.6. If y £ "Cg; then y — p{y) . 



Proof. We define JF^ := |j/ G ^Oq '■ V = p{y) | • By the previous lemma, we 
have 9 <^ T^, y ^ T^, ye {l,£^')g, r G N. The lemma will be proven 
by verifying that J-"^ = ^Oq ■ By the previous corollary, the map y l—^ y is 
multiplicative on '^Os D '^Oq, thus we find that is a subalgebra of '^Og- 
The main technical difficulty is given by the fact that a priori is not a 
*-subalgebra of "Og . As a first step, let us compute 

we proved in this way that is ctg -stable. 

We want to prove that R* G , R G {i, X£) . For this purpose, we note that 
Pe,d, defined as in H2.7|l . belongs to the ctg -stable algebra generated by 6: since 
we proved that J-"^ is a ctg -stable algebra and contains 9, we find Pe^d G T^. 
Let \Ri\ be a set of generators of (t, A£); then, for every index i there is 
/, G C{XP) such that R,Rl = fiPe.d- since C{XP) dT^^^we find R,R* G T^,. 
In order to prove that each i?* belongs to ; note that RiR*Ri — XfRi (where 
Af R*Ri G C{XP)), and compute 

Since each i?i is a section of X£ having the same support as \i , we conclude 
that R* = piR*), i.e. R* G T^, . 

Let finally y G {£^,£'')g- Given a set {tpi} of generators for £ , we consider 
the tensors 4'l G ('•, ct'") (see (|2.2f) '). so that y is a linear combination with 
coefficients in C{XP) of terms of the type iPl'4'*m ! by using (|3.9() . i?* G (ctg, i) , 
and ■i/'; G {i,a'^~^), we obtain 
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Let now U C be a closed set trivializing \E , Rjj the generator of the 
module of continuous sections of X£\u (so that, Ru is an isometry in Oslu)', 
then, the restriction yu ^ Oslu of j/ over U is given by yu = Tuy[j , where 

Tu := Rh^t-\Rh) ■ ■ ■ at'^'-'-'HRh) ) , 

and 

LM 

here fj^j^j are suitable elements of C{U), and each ■0,^^ is defined as in (|3.7|l 
by replacing Ri with Rjj . Since R^j S ^fi\u : we obtain that Tj/ is an isom- 
etry in J^f,\u; moreover, y[j £ (t, . Now, Tuy[j = yu = g{yu) = 
aiTuy'u) = Tug{y[j) ; thus, by multiplying on the left by , we obtain g{y[j) = 
y'jj. Thus, we conclude that y'jj G (t, f '^+^('^~i))g|(7 C T^\u , and yu S ^^^It/- 
By applying the above argument for a closed trivializing cover of , we obtain 

yeT^. □ 

By the previous lemma, the maps (|3.4I3.5|I extend to an injective C{XP)- 
bimodule map from A 0^ ^Og into end(^ 0^ "Ce) : 

a®^t:=at, (3-11) 

(in fact, (|3.11|l factorizes through elements of °Og); the injectivity of H3.11|l 
follows from the equality a 0^ i(l 0^ 1) — a 0^ t. We now can regard at 
A Qfi ^Os as a suhalgehra of end(yl 0^ ^Og) ; moreover, the map 

a®^t^a®f^t*:—l®^t*- a* 0^ 1 

defines an involution on .4 0^ '^Os , extending the involutions defined on A, 
, as can be proven exactly in the same way used in [121 Lemma 2.5]. 
In order to economize in notations, in the sequel we will identify A ^Os 
with the image in end(^0^ ^Og) , so that the overline symbol is dropped. We 
denote by i{a) := a 0^ 1, j{t) :— 1 0^ t the canonical immersions A,°(De ^ 
A ^Os . The following lemma is the solution to our initial problem at the 
*-algebraic level. 

Lemma 3.7. Let p be a unital endomorphism of a C*-algehra A, £ — > X'' a 
vector bundle, p, : G ^ p a dual action, G C SU£ . Then 

1. for each commutative diagram of *-algebra morphisms 
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such that 4>{f) — ""(Z); = TT o p{a)4>{tli) , there is a unique *- 

homomorphism x '■ ^Og B such that x(a ®^ t) — 7r(a)0(i) ; 

2. there is an action by *- automorphisms a : G aut(yl0^ ^Os) , 

ag{a(g)^ t) := a(g)^g{t) . 

Proof. We prove the first point. By universality, the apphcation x exists as 
a hnear map. Thus, we have to prove that x is a *-hoinoniorphisni, and this 
can be done exactly as in 12, Thm.2.6]. About the second point, note that 
by Lemma 13.61 the identity i o ^(y) = j{y) holds for every y; thus, we can 
construct a commutative diagram as in the first point, with B = A 0^ ^Os , 
i = TT, j og = (j). Furthermore, j o g{f) — i{f) for / S C{XP) , and 

i o g{ip) ■ i{a) = 1 (g)p • a (g)^ 1 = p{a) 0^ 1 • 1 0^ g{ip) = i o p{a) ■ j o g{ilj) ; 

so that, we find that the property H3.2|l holds for elements of i{A) and jogC^Os) ■ 
Thus, by universality there is a *-endomorphism Og E end(^ 0^ '^Og). Now, 
ag has inverse a^. , and it is obvious that aggi = agCHgi . □ 

3.3 The C(X'') -crossed product. 

Our aim is now to extend the previous lemma in such a way to get H3.1I3.2() in 
the setting of C*-algebra morphisms. It is clear that the solution will be given 
by the closure of the *-algebra A 0^ '^Og w.r.t. some suitable C*-norm. For 
this purpose, we construct a family of C"''-seminorms for A 0^ ^Os , indexed by 
elements of the spectrum of C{XP) . 

Let X S XP , and kera: be the corresponding ideal of C{X''). We consider 
the ideal A^eix C A; furthermore, we introduce the notation Ax to indicate 
the quotient of Ahy A ker x , and denote by tt^, : ^ ^ Ax the natural surjection. 
By jU Prop. 2. 8], we have ||a|| = sup^ ||7r2:(a)|j for each a £ A. Let now C 
SU(d) be defined as by (|2.9|l . We denote by : Og ^ Od the evaluation at x 
of Os as a continuous bundle of C*-algebras. We want to construct a morphism 
Hx '■ Oc^ Ax such that tTx o p, — Px ° x^, . In the same way, we want to define 
an endomorphism px : Ax Ax such that tTx ° p = Px ° t^x ■ In order to define 
Hx , we will make use of the following lemma: 

Lemma 3.8. Let (T,T —* Tx) be a continuous bundle of C*-algehras over a 
compact space X , U C X a closed set. If y E J- is a vector field such that 
the restriction yjj vanishes over U , then there exists a continuous function 
f E C{X) such that = 0, and a vector field y' E T with y = fy' . 

Proof. It sufBces to regard at the C*-algebra !Fu ■= {y E : yu — 0} as a 
non-degenerate Banach Co{X — [/) -bimodule, and apply [S] Prop. 1.8]. □ 

We now give the following definitions: 

P'x ° x^{y) := TTx o p{y) (3.12) 
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Px o T^xia) := TTx o p{a) . 



(3.13) 



Since /i is a C(X'') -module map, it follows from the previous lemma that if 
x^{y) = 0, then ^^{^{y)) — f [x) ■ t: x{p{y)) = 0, so that Px is well defined. 
About Px , note that if -Kx (a) = , then a is norm limit of terms of the type 
Xlfe fkO-ki where fk & keix C C{XP), at S A. Thus, Trx{p{a)) = (in fact, the 
restriction of tTx to C{X'') is the evaluation on x), and px is well defined. We 
can now prove the following 

Proposition 3.9. For each x G , the morphism fix ■ {Og)x Ax defines 
a dual -action — *■ enAAx , where C Sl[J(d) is the closed group defined 
in 113). 

Proof. We have constructed for every x £ X^ a morphism fix ■ {Og)x — 
Og^ — !■ Ax ■ First of all, we have to verify that px ° Px = Px ° ctx , where ax 
is the canonical endomorphism of Og^ ■ If J/a; G Og^ , we find px o Pxijjx) = 
pxOTTxO fjL{y) = TTxO po fj.{y) ^TTxO po <j{y) ^ fjix°T^x° <j{y) = pxo cTxiyx) ■ We 
now prove that fix{crx,<Jx) ^ (Px^Px) , r, s e N: if yx £ (cr^, cr^) , then for every 
TTxia) G Ax we find pxiUx) ■ Px°T^x{a) = -KxO p{y)-'^x° P^ {a) = TTx{p(y)- p'' {a)) = 
iTx{p''{a) ■ fJ,{y)) = Px ° T^xici) ■ PxiUx) , and the proposition is proven. □ 

We can now apply the results of ^| §3], and define Ax ^/j,^ Od as the 
closure w.r.t. the maximal C*-seminorm of the *-algebra Ax O/j.^ ^Od , obtained 
by the dual -action defined in the previous proposition. By |12[ Thm.3.2], 
Ax ^fj,^ Od is the solution of our universal problem in the case of the 'flat' dual 
action jjix '■ G^ px] moreover, there is an action ax G^ ^ aut(^a; Od) , 
X E XP , such that 



M e G^, Ox&Ax, txE Od- 

Lemma 3.10. For each x € X^ , there is a *-homomorphism x : -4©^ "Of 
Ax Od extending the evaluation morphisms tTx , x^ . 

Proof. We define x{a ©^ t) := TTxia) (g)^^ a;,(i) . In order to verify that x is well 
defined, we have to prove that x{afi{y) ®^ t) — x{a yt) . This immediately 
follows from the definition of Px- CH 

We introduce on ^©^^Of the G*-seminorm ||-|| sup^. ||ic(-)|| , and denote 
by A>i^G the closure of AQfj.'^Os w.r.t. ||-|| . By construction ||a|| = \\a ©^ 1|| , 
and \\t\\ = ||1 ©^ t\\ for a E A, t G Of . Thus, there are unital monomorphisms 
i : A ^ A y<>p, G and j : Os ^ A >ip, G] in the sequel, we will identify elements 
of Os , A with their images in x ^ G . Note that in general ,4 xi ^ G is not 
a continuous bundle of G*-algebras over X^ , but simply a G(X'') -algebra. For 
every x £ X^ , there are epimorphisms 



ax,u{ax ©Mx tx) 



ax ©Mx ^tx) 



(3.14) 



r]x : A>if,G ^ Ax ©^, Od . 



(3.15) 
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Theorem 3.11. Let A be a unital C*-algebra, £ — > a vector bundle, G C 
SUf a closed group with a dual action fi : G p d end^. Then, G is 

the unique crossed product of A by ^ satisfying the universal properties f^.ll 
and carrying a strongly continuous action a : G ^ ELUtxp{A xi^ G), 
ag{a (g)^ t) ^a(»fj,g{t). 

Proof. We prove the unicity of the G*-norm. Let B be the completition of 
AQ^ ^Os w.r.t. a given G*-norm, extending those defined on A, Of ; then, 
S is a G(X'') -algebra (i.e., an upper semicontinuous bundle over X^), with 
fibre epimorphisms (fix '■ B ^ Bx , x € X^ . Since (fi^ extends the evalua- 
tion epimorphisms ttx A ^ Ax , a;* : Oe Od , every Bx is the closure of 
Ax Qfi^ "Od w.r.t. some G*-norm. Let g G G; since ag G autxpB, a field of 
automorphisms Ox.g G autBx is defined ( \'21\ §4]), with ax,g°4'x — 4>x°ocg. Let 
g{x) € G^ C SU((i) denote the evaluation of g G G over x G X^ . By definition, 

ax,g{T^x{a) <»fj.^ x^{t)) = <j)x{a g{t)) = nx{a) (g)^^ g{x){x^{t)) , (3.16) 

a e A, t e "Os. Now, by O Thm.3.2], the unique G*-norm on Ax 0^, Od 
such that the r.h.s. of H3.15|l defines an (isometric) automorphism is the maximal 
G'''-norm, thus Bx = Ax®i_i^ Od ■ By a general property of upper semicontinuous 
bundles, we must have ||&|| = sup^, ||(/)2,(6)|| , b & B; since every ||(/>k(-)|| , x G Xp , 
is the maximal seminorm over Ax Q^^ ^Od , we conclude that B = x ^ G . Note 
that with the notation of H3. 1413. 15(1 . we also proved 

ijx ° ag ^ ax^g(x) °Vx , x G X . (3.17) 

□ 

It is clear that A is contained in the fixed-point algebra of ^ x^ G w.r.t. 
the G-action. Let us now suppose that G is a compact group w.r.t. the natural 
topology induced as a subgroup of XJ£ . Then, the Haar measure on G defines 
an ^-valued invariant mean on A 0^^ °Os ■ 

m{a 0p t) := a (^j g{t) dg^ . 

The argument of .12. Lemma 2.8, Thm.3.2] now applies, and we conclude that 
A — (^ x^ G)" . In the general case, in order to prove that A is the fixed-point 
algebra w.r.t. the G-action some analogue of the Haar mean is needed; we will 
return on this point in Lemma [4. 131 

Example 3.3. Let G be a compact group, £ ^ X a G -vector bundle with 
trivial action on X in the sense of 0'. Then, we may regard at G as a closed 
(compact) subgroup of \J£ , and the previous argument applies. 

Remark 3.2. Let {ipi} be a set of generators for £. We denote by as G 
en.d.xp{A x^ G) , o'£{b) :— '^i'4'i^4'* j b G A » ^ G , the inner endomorphism 
induced by £. By definition, £ C (t,cr£). By ^3.S^) . o'£\_a = P- Also note that 
Cflof — o", where a G endxOf is defined by f2.5\) . 
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Remark 3.3. Since ^ G satisfies we find that ^ x^ G is a quotient of 

the crossed product A xipN in the sense of ^31, Prop. 3.4]- 

Crossed products by dual actions with minimal relative commutant of A will 
be of particular interest for our purposes. We denote by autx(^ Yi^G.as) the 
group of automorphisms on A'A^^G leaving A pointwise fixed, and commuting 
with as . We recall that if ^ is a G(X) -algebra, then a nc-pullback oi £ ^ X 
is a Hilbert yl-bimodule M which is isomorphic as a right Hilbert A-module 
to the tensor product £ ®c(x) ^ with coefficients in C{X) Def.5.4]). 

Proposition 3.12. Let p be a unital endomorphism of a C*-algebra A, £ — > 
X'' a vector bundle with a dual action p, : G p , G C SU£ . Suppose A' D 
{A yi ^j, G) — A! O A =: Z . Then, the Banach space 

X:=|(^e^xi^G : ipa = p{a)^ , a G y^j (3.18) 

is a G -Hilbert Z -bimodule in x^ G , and a nc-pullback of £ . Finally, there 
is a group isomorphism G ~ aut_4(^ x^ G, (Tg) . 

Proof. It is clear that M is closed under left and right multiplications by ele- 
ments of Z] moreover, Lp*ip' £ y^' n x^ G) , ip,Lp' ^ M , thus Lp*ip' ^ Z and 
is a Hilbert Z-bimodule in Ay\^ G . In order to prove that Al is a nc- 
pullback of £ , it suffices to verify that M — £ ■ Z :— span ^'(jjz, ip G £, z G z| : 

now, it is clear that £ ■ Z C M; viceversa, let {ipi} be a set of generators for 
£; then Tpfip e A' {A » ^ G) ^ Z , thus E/ i'li'^Ptf) e £ ■ Z , and M is a 
nc-pullback. Now, z = ag{z) , z e Z, g G G; thus, ag{z(pz') — zag{ip)z' , 
z' G Z, and ag{ip*Lp') — f>*^' , V^j V'' ^ (in f^ct, Lp*Lp' g Z); more- 
over, ag{ip) = T>iM^!(^g{v)), with ^|J*ag{lp)a = '0fag(p(a)(/3) = aiplag{Lp), 
a G A; thus tpiag{Lp) € Z, and ag{ip) G M. We conclude that G acts on 
M by unitary -Z-bimodule maps. Finally, by construction, if g G G then 
Qfg G aut^(^ x^ G, fjf) (recall Rem l3.2|) . Viceversa, let a G aut^(y^ x^ G, o-f) , 
ijj,ip' G £; then, a direct computation shows that ip*a{ip')a = a'ip*a{'ip') , a G A. 
Thus, ip*a{ip') G Z. Moreover, since a G endxOs has permutation symmetry 
(see EII (4.16)]), we find a{ip) = Bip, where 9 G Og is defined by EHJ). By 
using the relation e = p{9) (see Rem l3.lj) . wc find a-£{ip) — eip , thus 

p{^*a{^')) — a£{ilj)*p o a{ip') — ip*e* ■ a o a£{i]j') — ^*e*a{eip') = ^e*ea['ip') . 

We conclude that V*a(V'') e C{XP) \ thus, 

Im 

belongs to U£ , and a — ag (in fact, a{a ®^ t) = a 0^ g{t) , a G A, t G ^Os). 
Since agloo is the identity (recall Oq C A), we conclude g G G (in fact, G is 
the stabilizer of Og in Os , see ^T^ . □ 
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Remark 3.4. With the notation of the previous proposition, G acts on M by a 
tensor action in the sense of Def.5.3]. 

Remark 3.5. An interesting point is the computation of the K -theory of A><>fj,G 
in terms of the K -theory of A, Oq, Os . By functoriality, the commutative 
diagram induces a sequence at level of corresponding K -groups 

KM) ^if,(^XpG) 

A". j. 

K^Og) ^K^iOs) 

with * = 0, 1 . For this purpose, the K -theory of Os has been computed in the 
case in which X is a n -sphere or a Riemann surface (\liU^ ). The K -theory of 
Og should depend only on the tensor C*-category G , and could be related to 
the K -theory of G in the sense of WO^ . For X = {a;} , the K -theory of Og 
has been (implicitly) computed in \24\ - 

4 Special Endomorphisms. 

4.1 Basic properties. 

We start the present section by giving some basic properties about endomor- 
phisms carrying a permutation symmetry, generaUzing the analogues in |51 §4]. 
For our purposes, it will be convenient to start from the notion of weak permu- 
tation symmetry fDef ll.l|l for an endomorphism p of a unital C*-algebra A . In 
fact, in the nontrivial centre case the property (|1.5(l is too restrictive, since it 
imphcs p{z) = z, z £ Z := An A' . 

Definition 4.1. Let p be a unital endomorphism on a C*-algebra A carrying 
a weak permutation symmetry p i— s- e{p) , p G Poo • Are said to be symmetry 
intertviriners the elements of [p"^ , p^) for which \1.5^ holds: 

ip\ p% := {t e {p\pn ■■ sis, l)t = p{t)e{r, 1)} . 

We denote by % the C*-subcategory of p with objects the tensor powers p'^ 
and arrows {p^,p^)^. 

Lemma 4.2. The set of symmetry intertwiners is closed for multiplication and 
p -stable. So that p^ is a symmetric tensor C*-category. 

Proof. As first, we prove that if t e (p'', p")^, t' g {p',p^)e , then t't e (p^ p^)^ . 
This fact is obvious by H1.5|l . which implies 

p{t't) = e{h, l)t'e{l, s)e{s, l)te{l, r) . 

We now prove that for each k E N the inclusion (p'', p*)^ C [p"^^^ , P^^^)e holds. 
For this purpose, note that (1, s+l)(s, 1) = S'*(l, 1) , so e(l, s+l)e(s, 1) = p'*(£) , 
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and e{s+l,l)p'{e)t = p{t)e{r+l,l)p'-{e) for t G (/9^p'')e. Since p''{e)t = tp'-ie) 
and p^{e^) = 1, we find that t £ /o'*+^)e . The above computations imply 

that the set of symmetry intertwiners is closed for multiplication. In order to 
prove that p^ is p-stable, it suffices now to verify that e(r, 1) e ; 
but this fact is obviously true, since the relation (r + 1, l)(r, 1)(1, r+ 1) = §(r, 1) 
implies that e(r, 1) satisfies (|1.5|) . The symmetry follows from the fact that (|1.5|l 
implies tp'''{t')^eir',s')t'p''{t)e{r,s), te te {p'\p'')e. □ 

We denote by Op^e the C*-algebra generated by the (p'', p'*)^ 's. It follows 
from the previous lemma that Op^e is p-stable. Note that (t, i)e = C{XP), 
so that Op^e is a C(X'') -algebra. Also note that in general pe is not a DR- 
category (^J): in fact, in general pe does not have special objects in the sense 
of Doplicher- Roberts |11[ §3]; moreover, in general (i, i)^ 7^ C (for a so-called 
DR-category, the condition (t, t) = C is required). 

Remark 4.1. Symmetry intertwiners appear when there is a dual action p : 
G p, G C XJ£ . In this case, p has weak permutation symmetry fRem JKT]) . 
and p{£^ , £'^)g C (p'',p*)e for each r,s. In fact, p has permutation symmetry 
e{p) := p o e{p) , p ePoo, so that e{s, l)yu(t) = po p{t)e{r, 1) , t G (£'', £'')g ■ 
In particular, every endomorphism carrying weak permutation symmetry has 
symmetry intertwiners, thanks to the naturally induced dual \]{d) -action (see 
Lemma \4--b\ in the present section). 

We can now give the notion of permutation symmetry in our general setting, 
naturally coinciding with Def ll.ll when formulated in the trivial centre case. In 
the general case, the above remarks imply that Def ll.ll is more restrictive w.r.t. 
the following 

Definition 4.3 (quasi-symmetry). A unital endomorphism p of a C*-algebra 
A with centre Z has permutation quasi-symmetry if there is a unitary repre- 
sentation p i~> e{p) of the group ¥^0 of finite permutations of N in A, such 
that: 

e(§p) = poe(p) (4.1) 
e:=e(l,l)G (p2,p2) (4.2) 

(p^p^) = p^Z) ■ {p^,p% = {p\p%-p^{Z) . (4.3) 

Thus, the notion of weak permutation symmetry is not affected by Def l4.3[ and 
remains the one given in Def ll.ll The property H4.3|) has to be intended in 
the sense that (p'',p^) is generated as a Banach space by elements belonging 
to p^iZ) ■ {p^,p^)g = {p^,p^)^ ■ p^{Z). We say that p has trivial permuta- 
tion symmetry when e{p) = 1 for every p e Poo- In this case (p'',p*)e = 
{t e (p'', p*) : p{t) = t} for every r, s e N. 
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Example 4.1. Let £ —t X he a vector bundle, Z an abelian, unital C{X)- 
algebra, M ~ E ®c(x) -2 a nc-pullback, G C JJE a closed group acting on M. 
by a tensor action in the sense of \81\ Def.5.4]- Then, with the notation of 
%5.1], the canonical endomorphism tq of O'J^ has weak permutation symmetry 
in the sense of Def ]4.cl\ If G satisfies a suitable local triviality, then tq has 
permutation quasi- symmetry f]yi\ Cor. 5. 8]). 

We now establish some basic properties of endomorphisms carrying (weak) 
permutation symmetry. For this purpose, recall that if £ ^ X is a rank d vector 
bundle, then there is an isomorphism Ouf — C{X) ® Ou(d) ([S Prop. 4. 15]), 
where ©^(d) C Od is the fixed-point algebra w.r.t. the canonical U(d) -action; 
in the sequel, we will identity Ouf with C[X) ® C'ij(rf) . Also recall that Pe,d € 
{£'^,£'^)i5e C Oue (Ell §4.2]). We denote by (5 e endxCuf the shift 

6{t):^PeA®t , t£{r,£')i]£ , r,sen . 

Lemma 4.4. Let A be a unital C{X) -algebra, fiQ : C{X) (g) ©^(rf) A a 
G (X) -morphism. Suppose there is a finitely generated Hilbert C{X) -bimodule 
TZ G A, such that 

( nn* := closed span i?, R' €11} = G{X)^o{P0,d) 

{ Rfioiy) = Mo o S{y) R , ye G{X) ® O^^d) , ReU. 

Then, for every vector bundle £ —> X with a bimodule isomorphism (3 : (i, X£) 
TZ, fiQ uniquely extends to a morphism /i : Osvs by defining /i(y) := 

Piy), y e {i,X£). 

Proof. By J3 §1.6], there is a unital C(J'(')-monomorphism A ^ L{A4) , where 
is a Hilbert C(X)" -module. Thus, for every vector bundle £ with (t, \£) ~ 
TZ , we can regard at /iq as a covariant representation of {Ou£ , S) with rank X£ 
(in the sense of "31, Def.3.2]). Since Osvs is the crossed product of Ojjs by 5 
Prop. 4. 17]), there is a C(X)-morphism ^ : Osue L{M) having image 
generated by fioiC{X) (g) C'u((i)) £ind TZ, so that ^(Osuf) A. □ 

By definition, every endomorphism p E endA carrying weak permutation 
symmetry p i-^ £{p) induces a morphism C*(Poo) A. We now consider the 
finite set of characteristic functions {xi} C G{X'') corresponding to the decom- 
position of XP into connected components, and decompose the C*-dynamical 
system {A, p) into the direct sum (Bi{Ai,pi), where Ai := Xi ■ ^ is the C*- 
algebra reduced by Xi ; PiiXio) '■— XiPip) ^ a & A. Each endomorphism pi 
carries a weak permutation symmetry Si : p t—^ Xi^ip) if P does. Following 
Doplicher and Roberts [51 §4], we may say that a permutation symmetry of p 
has dimension d S N if the kernel of the morphism C*(Poo) ^ A is the ideal 
generated by the totally antisymmetric projection in C*(Pd+i). But by the 
above considerations, a more general situation may arise, namely that every 
permutation symmetry £i has a distinct dimension di . 
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Definition 4.5. Let p be a unital endomorphism of a C*-algehra A carrying 
weak permutation symmetry, d : ^ N a continuous (locally constant) map 
with range a finite set {di} of positive integers. We say that p has rank d if 
every endomorphism pi £ end^i has dimension di . 

Thus, the rank d defines an element of the sheaf cohomology group H^{XP , Z) 
(i.e. a locally constant Z-valued map on X^). If a vector bundle S ^ X has 
a nonconstant rank, then the canonical endomorphism of the associated Cuntz- 
Pimsner algebra has permutation symmetry carrying the same rank as £ . In 
order to simplify the esposition, in the sequel we will restrict our attention to 
the case d e N (with d > 1). Note in fact that there is no loss of generality, 
thanks to the above direct sum decomposition of {A, p) . 

Lemma 4.6. Let p be an endomorphism of a unital C*-algebra A with a rank d 
weak permutation symmetry p i-^ £{p) , P G Poo • Then, for every rank d vector 
bundle £ — > Xp there is a unique dual action fi : JJS — -> p, with fi{6) = e, 
P- ° Cue — pop. Moreover, suppose there is a Hilbert C{Xp) -bimodule TZ C 
(t, with TZTZ* = C{XP)P^_d ', then, for every rank d vector bundle £ X^ 
with a bimodule isomorphism (3 : (l, X£) —> TZ, the dual action p uniquely 
extends to a dual S'U£ -action, by requiring p{y) :— P{y) , y G (t, A£) . 

Proof. By ||9i Cor. 4. 4], there is a dual action V{d) p, which extends in the 
natural way to a dual action po '■ U£ p, i.e. a C(X'')-morphism : Ous 
A (recall Cue — C{XP) (g) C'u(d))- By Lemma 14.41 we know that there is a 
C(X'')-morphism p : Osvs ~^ A extending po, and such that p{l, X£) — TZ. 
In order to prove that p is actually a dual action, we have to verify that 

M° cTsue = /oo A* • (4.4) 

Now, observe that since po is a dual action, then 14.4|l is verified for elements 
of ('^suf'f^suf) = {£'':S'')svs (in fact, {£'',£'')su£ = (£'',£'')u£, see ;31] 
Cor. 4. 18]). Since Osue is generated by Ou£ and {l, X£) , it remains to ver- 
ify l|4.4|l only for elements of {i,X£). By hypotesis TZ C (/,, p'')^, so that if 
R £ TZ, then e{d,l)R — p{R)\ now, if y G (i, A£), then 9{d,l)y = crsuf(y) 
and p{9{d,l)y) = e{d,l)p{y) = poasueiy). But p{y) e TZ d {i,p'^)e, so 
that e{d,l)p{y) = p o p{y) and p o asueiy) = P ° p{y) ■ We now prove 
that /^(csuf' '''su'e') - {p"" ^ P^^'"^) ■ When fc = 0, we know that such an in- 
clusion is verified, po being a dual action. Let {Sl} C {l,X£^) be a sub- 
set with J2l ^l^l — 1 (such a set is constructed by using a standard ar- 
gument, involving the Serre-Swan Theorem and partitions of unity). Now, 
if y e (crSuf^c^sug'). then p,{y) = Y.L Mv^susiSD) ■ P ° ctsus^Sl) , with 
PoiycT^susiSD) C (p'-+'=^p'-+'='^), and poa-^,iSL) = / ° A^(5l) C p'■(7^'=) C 
(^pr^pv+kdy □ 

We now introduce the notion of special conjugate property in our general 
setting. Note that in the case Z = C, such a notion is implemented by an 
isometry (see Dcf ll.2ll . which can be identified as a generator of the totally 
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antisymmetric tensor power of the Hilbert space inducing p, if we construct 
the crossed product Thm.4.1]. In analogy with such a construction, we 
define the special conjugate property in terms of a Hilbert bimodule in A, 
corresponding to the module of continuous sections of the totally antisymmetric 
bundle. 

Definition 4.7 (Special Conjugate Property). Let p be a unital endomor- 
phism of a C*-algehra A with weak permutation symmetry £ : Poo ~^ A. We say 
that p satisfies the special conjugate property if for some c? G N, d > 1 , there is 
a finitely generated Hilbert C{XP) -bimodule TZ C {L,p^)e (i-c. e(d, l)i? = p{R) , 
R TZ) such that 

R*p{R') = {-iy'-^d-^R*R' , R,R'en; (4.5) 

nn* := closed span : i?, J?' e 7^} = C{XP)P,^a ■ (4.6) 

The condition (|4.t)|) forces TZ to be the module of sections of a line bundle 
over the spectrum . The condition (|4.5() implies that for every set {Ri} of 
normalized generators of TZ , the equation 

J2R:p{R^)^{~^r-'d-'l (4.7) 

i 

holds, in analogy with H2.8|) . Note that we could more generally state our special 
conjugate property Def l4.7l bv considering a non-constant rank d E H^{XP ^ Z) , 
by performing the decomposition {A^ p) ~ ®i(-4i,pi) according to Def l4.5l and 
by giving the previous definition for each index i . The result is a Hilbert C{Xp)- 
bimodule TZ in A with a natural decomposition TZ ~ ®iTZi C pf')e , where 
each TZi satisfies ()4.5I I4.6|l for a fixed dimension di . 

Lemma 4.8. There is only one C{XP) -bimodule TZ C {l,p'^) satisfying j4.5|^.6] ). 

Proof. Let S C {i-, p'^) be another C(X'')-module satisfying Def l4.7l with a set 
of generators {Sj} (i.e., S'jS'* = P5,d)- We consider a set of normalized 
generators {Ri} for TZ (i.e., ^iRiRl = Pe.di Y^iRtRi = l)i ^^^id define Zy := 
R*Sj e Z for each In order to prove the lemma, it will suffice to show 
that Zij e C{XP) . For this purpose, observe that for each R G TZ the identity 
R*p{R) = {-if-'^d-^RlR holds; so that, by multiplying on the left by R^, 
and by summing over i , we find 

PeMR) = {~lf-^d-^R . (4.8) 

In the same way, for each 5 e 5, we obtain P^,dp{S) — {—lY^^d^^S. Now, 
observe that RkR* = fikPe,d, where fik e C{XP), so that RkZij = z^jRk = 
R*SjRk = fikPe,dSj = fikSj. Thus, p{Rk)p{zij) ^ fikp{Sj); by multiplying 
this last identity on the left by P^^d , and by applying H4.8(l for Rk, Sj , we obtain 

{-lf-^d-^Rkp{z,,) = {-lf-^d-^f,kSj = i^lf -^d-^RkZ,j , 

and p{zij)* R^. — z*jRl. By multiplying on the right by Rk, and by summing 
over k we obtain p(zij)* — z* . □ 
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The first Chern class in H'^{Xp,'L) (sheaf cohomology) of the Hne bundle 
having TZ as module of continuous sections is a complete invariant of TZ] the 
unicity established in Lemma 14.81 implies that it is actually an invariant of p . 
We denote it by ci [p) . 

We now give an application of pi Thm.4.3], and compute the rank of a 
weak permutation symmetry p i— s- e{p) for an endomorphism p satisfying the 
special conjugate property Def l4.7l |S1 Thm. 4.3] asserts that li (f) : A ^ A \s 
a left inverse for p with 0(e) = Al, A € C, then d is recovered by the formula 
A = ±d-il , and A e {0} U {±fc-i, fc e Z - {0}} . 

Lemma 4.9. Let p be an endomorphism of a unital C*-algebra A satisfying 
the special conjugate property De f\4-.1\ Then p has weak permutation symmetry 
of rank d . 

Proof. We consider a normalized finite set {Ri} of generators of TZ, and define 
the left inverse 

0(a) := R*p'^-\a)R,, aeA. 

i 

In order to apply |9i Thm.4.3], we have to explicitly compute (/)(e) . For this 
purpose, note that S''"i(l,l) = (d - l,l){d - 1), so that /^^(e) = e{d - 
l,l)ir(d,l). Thus, 0(e) = Y.^R*^^{d - '^^^Hd,l)R,. Now, e{dS)Ri = p{Ri) 
(in fact, 7^ C (i,p'^)e), and e{l,d-l)P,,d = sign(l, d - l)P,.d = {-if-^P^.d, 
so that e(l,d-l)ii', = {-If-^R,. Thus, 0(e) = {-lY-^Y.^R*^P{Ri)■ % 
applying (|4.7|) . we find 0(e) = d^H. □ 

We recall the reader to the notation (|1.8|) . 

Definition 4.10. A unital endomorphism p of a C*-algehra A is weakly 
special if satisfies the special conjugate property Def ]4. 7\ The class of p is 

c{p) ■.= c„{p)®ci{p)eH'''^XP,Z) , 

where co{p) is the rank of the weak permutation symmetry, and ci{p) is the 
Chern class of the Hilbert C{Xp) -bimodule TZ introduced in Def'JT} Moreover, 
p is said quasi-special if the permutation quasi- symmetry Def holds. 



Note that the classical special conjugate property Def ll.2l is satisfied if and 
only if ci{p) vanishes, and co(p) is a constant map. In that case, TZ is generated 
as a Hilbert C(X'')-bimodule by a partial isometry with support Pe,d- 

Example 4.2. Let £ ^ X be a rank d vector bundle, G C SU£ . Then, ac is 
quasi-special in the sense of Det ]4.1(^ Ln fact, ac has permutation symmetry 
and satisfies the special conjugate property Def ]4.7[ implemented by the module 
of continuous sections of X£ (see See \2.^) . Thus, c{aQ) = d® ci{£) , where 
ci{£) is the first Chern class of £ . 

Example 4.3. We retain the notation of Ex \4-.1\ The shift endomorphism 
tg G endxO^ has weak permutation symmetry; furthermore, if G Q SU£ , we 
find that tq satisfies the special conjugate property with TZ = (t, \£) C [l,Tq) . 
So that Tg is a weakly special endomorphism in the sense of Def ]4.1(^ 
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Example 4.4. Let {T ^ G) he a minimal regular Hilbert C*-system in the sense 
of Ui, with fixed-point algebra A . Canonical endomorphisms of A in the sense 
of Def.3.6] are quasi- symmetric Thm.J^-lO]). Moreover, every canon- 
ical endomorphism is dominated by a quasi-special endomorphism p (see \11V 
Thm.3.4]), satisfying De} \4.'l\ with TZ ~ C{XP)-R for a suitable partial isometry 
R G {b,p'^)e- R is a determinant of p in the sense of %3]. Thus, ci{p) = 0. 

4.2 Weakly special endomorphisms, and duality. 

Let Z be a C*-algebra, M a Hilbert Z-bimodule, G a closed group of unitary 
Z -himodule operators of M. (i.e., the elements of G commute with the left Z- 
module action). Then, every internal tensor power Al'', r e N, is a G-Hilbert 
bimodule in the natural way g,ip ^ gr'4' ■, 4' G i 9 & G, gr :— g ■ • • g . 
We denote by Gm the C*-category with objects , r S N, and arrows 
the spaces {Ai"^ , A4'^)g of G-equi variant right Z-module operators from Ai^ 
into M'^ . Let now X be a compact Hausdorff space, Z a G(X) -algebra, and 
~ 5 ^C(x) 2 a nc-puUback of a vector bundle £ ^ X. If G C XJ£ is 
a closed group, then M is a. G-Hilbert Z-bimodule, and there is an obvious 
inclusion G C Gm (i.e., {£'',£'')g Q iM''',M'')G, r,s e N). For details about 
this construction, see (3111 §5]. 

Proposition 4.11. Let £ ^ X be a vector bundle, G C SU£^, ^ xi^ G the 

crossed product by a dual action fi : G p d end^; then, p is weakly special. 
Suppose A is the fixed-point algebra w.r.t. the G-action on A Xl^G, and A' H 
(^XpG) = An A' =: Z ; then, fi induces isomorphisms of tensor C*-categories 

G^% : (£^£^)G^(p^p^)e , (4.9) 

Gm^p ■■ (A^^^^^)G-(p^P^) , (4.10) 

r, s e N, where Ai is the G-Hilbert Z-bimodule defined by 1^3.18}} . 

Proof. Recall that A4 = £ ■ Z fProp ITT^ . For every r,s G N, there are 

natural identifications {M''',M'') ~ span{ipLZipM> ^ & Z} , where & 

ipM e (t,f ) arc defined by (E^. Since {i,£'') C (t,cr^) (see RemES, we find 

tpLZipliP^'ia) = ipLza^M = p''{a)ipLZiljlj , ae A . (4.11) 

If t G {M^ , M'')g , then by hypothesis t G A; moreover, (|4.11|l implies that 
t e (p'^p"). Viceversa, if t € (/o'',p^), then tLM ■= 'ipltipM G A' D {A xi^ G) = 
Z, and t = Yl^L^M'^LtLM-'Pli e (7W,A1^). This proves that {M'^,M'')g = 
(p'', p*) , r, s e N, thus we proved (|4.10|) . 

Now, Rem l3.ll implies that p has weak permutation symmetry. Since G C 
SU£^, then (t, A£) C {l,£''')g, and TZ := fj,{L, X£) C (t, p'')^; thus, p is weakly 
special. By Rem l4.1l we find p{£^,£'^)g Q (p'',p'*)e, r, s G N. Viceversa, if 
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t £ {p^.p")^, then with the above notation p{tLM) = <^£{^*L)p{i)^£{4'M) = 
o'£(V'L)e(S' l)te(l,r)tT£(V'A/) = tLM \ in fact, 

a£(V'L) = M ° d{s., l)^L = e{s, 1)V'L (4.12) 

(see EH (4.16)]). Thus, tLM e C(X''), and this imphes t G (f^f"). Since t is 
G -invariant, we proved (|4.9|) . 

□ 

The condition that ^ is the fixed-point algebra w.r.t. the G-action is au- 
tomaticahy verified if G is compact (see remarks after Thm l3.lT|l . or locally 
trivial in the sense of next subsection (see Lemma [4. 1311 . 

4.3 Locally trivial groups, and a pullback construction. 

In the sequel we will use the notation Hd C*, so that every (_ff^,i7J) is 
identified with the matrix space M^i-^rfs , r, s e N. Note that if Go C U(d) , 
then the canonical action 12.9|l is defined; as usual, we denote by {H^, H^)go 
the corresponding Go -invariant vector spaces. 

A closed group G C U£ is said locally trivial if the bundle Q X considered 
in Sec l2.2l is locally trivial (see |31l Def.4.11]). In such a case, we find that every 
G^ , X E X , coincides with a fixed compact Lie group Go C l]{d) (for example, 
G := SUf is locally trivial with G^ = SU(d)). If {Ui C X}^ is a finite open 
cover trivializing Q , then for every index i there is an isomorphism tt^ '■ Q\ui ~> 
Ui X Go ; since by definition G is the group of continuous sections of Q , every 
g E G may be described by a family of continuous maps gi : Ui ^ Go , with 
{x,gi(x)) :— TTi o g[x) , X E Ui. A locally trivial group is typically noncompact 
(for example, ii £ := X x , then G XJ£ is the 'loop group' of continuous 
maps from X into lJ{d)). 

Lemma 4.12. Let Go be connected. For every xq E X , there is a closed 
neighborhood W of Xq , and an open U Q X , such that: 

1. W is strictly contained in U , and U trivializes Q (i.e. Q\u ~ ?7 x Go ); 

2. for every u E Gq , there is a non-unique u E G such that u \w = u, 
u \x-u =1 (ii^ particular, u{xq) — u). 

Proof. Let xa E X , and [/ C AT be an open neighborhood of x^ trivializing Q , 
so that C/|(7 ~ C/ X Go. We consider a closed neighborhood W of xq strictly 
contained in U. Moreover, we consider a cutoff A : A [0, 1] such that 
\\w = 1, Ax-a = 0. Let u e Go, and 7 : [0,1] ^ Go a path such that 
7(0) = 1, 7(1) = u. We define u £ G, u{x) := 7 o X{x) , x £ X. Note that 
u\w = u, u \x-u = 1- □ 
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For the rest of the present subsection, we will consider a locally trivial group 
G C SUf with fibre Go C §U((i) , a unital C*-algebra A , and a fixed dual 
action fi : G ^ p, p G end^. In order to simplify the notation, we write 
X ■.= XP. 

Lemma 4.13. Suppose that Go is connected. Then, the fixed-point algebra 
w.r.t. the action a : G autx(.4 xi^ G) is A®f_i 1 A. 

Proof. It is clear that A {A yi^ G)" . In order to prove the opposite inclusion, 
for every a; e X we consider a closed neighborhood Wx as in Lemma 14.121 
in such a way that { Wx ^ ^ j^, is an open cover {Wx denotes the interior). 
By compactness, there is a finite subcover { W^ ; we consider a subordi- 
nate partition of unity {Afc}^'^^. We denote by Ak '■= Go(I^fc)-4 := closed 
span{ fa, f G Go{Wk), a £ A} the restriction of A over Wk as an upper semi- 
continuous bundle; in the same way, we define Bk ■= Go{Wk){A G) . It is 
clear that Ak C Bk are Go (W^fe) -algebras. For every fc = 1, . . . , n, we define the 
following action: 

afc : Go ^ aut^^^Sfc , ak{u) := au , 

where u S G is defined as in Lemma f4. 121 and is defined according to the 
action introduced in Thm l^.lTl Since u\wk = u, the above action does not 
depends on the particular choice of u. Now, the following -valued invariant 
mean is defined on Bk '. 

nikiat) := a au{t)du — o. u{t)du , 

J Go J Go 

a G Ak, t S Co{Wk){£^ (in fact, by Lemma 14.151 the Haar mean of t 
belongs to Co{Wk)TrWk{^^ t^'^)g C Ak). By using such invariant mean, it is 
easy to verify that the fixed-point algebra w.r.t. the -action is given by 
Ak, as in [El Lemma 2.8, Thm.3.2]. \i b {A G)", then Afefe G Bk, 
and [ak{u)]{\kb) = a^iXkb) = Xkb; thus, Xkb e Ak . Since b = Y^k^^bk, we 
conclude that b <E A. □ 

It is natural to conjecture that the fixed-point algebra coincides with A also 
in the general case (i.e., G not locally trivial). Since our main application will 
concerns the case G = SU£ , for our purposes it will suffice to consider locally 
trivial groups. 

We denote by C :~ C{Vt) the centre of A G; it is clear that C is a 
G(X) -algebra. Now, the following properties hold: 

1. There is a surjective map p : — > X (i.e., the adjoint map of the inclusion 
C{X) ^ C). Thus, C is an upper-semicontinuous bundle (C, r]x '. C Cx) , 
with fibres the abelian G*-algebras Cx — C{p^^{x)) , x E X. The image 
of c G C w.r.t. r]x is simply the restriction of c over p^^{x). 



25 



2. Let g{x) £ Gq denote the evaluation of g G G over x £ X. G acts by 
C(X) -automorphisms on C, in such a way that the fixed-point algebra is 
C{X); so that, there are automorphic actions ax ■ Gq ^ autC^;, in such 
a way that 7]^ o Ug = aj..g{x) ° Vx, 9 ^ G (see (|3.17|l '). 

Lemma 4.14. Suppose that Gq is connected. Then, the fixed-point algebras 
w.r.t. the actions Ux '■ Gq — > autCa;, x £ X , are C"^ ~ C. 

Proof. Let v £ X , cq £ C"" ; since p~^{v) is closed in il,hy the Tietze theorem 
there is ci € C such that ry„(ci) = cq . We now consider closed neighborhoods 
W C U, 9 as in Lemma [4.121 note that we could assume that ci has 
support contained in p~^{W) (otherwise, we multiply by a cutoff X : X ^ [0, 1] , 
X{v) = 1, A|x-vy = 0). Let Cw '■= Co{W)C C C denote the restriction of C 
over the interior W ; we define the automorphic action 

aw '■ Go — » autCw , [on/(u)](c) :— as(c) , 

where u £ G is assigned to every u £ Gq as in Lemma 14.121 Since u{x) = u , 
X £ W , it turns out that aw{u) does not depends on the choice of u. It is 
clear that r]x o aw{u) = r]x o ag = ax,u o rjx , x £ W , g £ G, u := g{x) £ Go- 
We define 

C2 :— / az{ci) du £ Cw C C . 

JGo 

By definition, C2 is -invariant, i.e. aa(c2) = C2 , u £ Gq, and rix{c2) = cq\ 
anyway, more in general, we find 

[ag{c2)\{oj) = [rix o ag{c2)]{uj) = [au{c2)]{oj) = C2{uj) , 

uj £ p~^{W) , x := p{uj) , g £ G, u :— g(x) . Since C2 has support contained in 
p~^{W), we conclude that C2 is a-invariant, i.e. C2 £ G{X). But this means 
that C2 is constant on each fibre p~^{x), x £ X] in particular, ?7t,(c2) = cq is 
constant on p^^(w) . □ 

Thus, p^^{x) is (noncanonically) homeomorphic to the homogeneous space 
Lxl Go, where Lx C Go is the stabilizer of some (noncanonical) uix £ P~^{x) 
f|14|). By functoriality, every ax induces an ergodic G -action 

p~^{x) X G p^^{x) , uj,g 1-^ UJ ■ g -.^ UJ o ax,g(x) ■ 

Note that uj ■ g actually depends only on g{x) £ Go ■ For every uj £ p^^{x) , the 
orbit {lu ■ g,g £ G} coincides with p^^{x). We can now perform the following 
construction. 

1. We denote by p»£ :— £ Xx f2 — > f2 the puUback of £ — > X over 57. 
The G(r2) -bimodule p»£ of continuous sections of is isomorphic to 
^ '^c{x) more in general, {p^^E^ ,p^E^) ~ (£'',£'*) ®c{x) G(r2) . Let 

TTrs : E^''^ X he the vector bundle having (f,^^) as module of contin- 
uous sections. Then, (p,£''",p*£'*) is the module of continuous sections of 
p^S^'" := f"'** Xx ^ ^ fi. Every t £ {p^,£^ ,p^£^) can be regarded as a 
continuous map i : il — s- f such that p — -Krs ° t- 
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2. Every is a G-vector bundle in the sense of ^ §1-6], with G acting 

nontrivially on 51. We have the G-actions 

g,t^gxt : {g x t){uj) -.^ gs{x) ■ t{uj ■ g*) ■ g;{x) , ^' ^ 

X := , gr ■= g ^ ■ ■ ■ ^ g G (£'',£''). We define p*G as the tensor 
G*-category with objects the tensor powers of p*£ , and sets of arrows the 
G(X)-bimodules (p^fjp^f )g of G-invariant elements in {p^£^ ,p^£'') . 
Let t e ; then, t e {p^E^ ,p^E'')g if and only if 

t(c^-5) = <?.(a;)-iH-<?;(a;) , (4.14) 

g & G , wGil, p(ci;) ; i.e., t ~ g x t, g £ G . 

Let now C X be a closed set; then, p~^{W) C is closed and G-stable. 
We consider the restriction p^,£w ■= P*£\p-'^{w) , in the same way, we define 
P*£w ■— P*£ 

'''lp-i(i^) ■ -'^O'" every r, s G N, there is a natural epimorphism 

t:w ■ {p*£'',p*£') {p*£Iy,p*£^) , 

defined as the restriction of ) over p~^{W) as a continuous field of 

Banach spaces ([T] 10.1.7]). If p^^{W) trivializes p*£ , then 

p,£l^^ ^p-'{W)x{H^„H^) 

{p.£^^,p.£^) - c{p-Hw)) ® (^^,^i^,^) 

The following lemma expresses in rigorous terms the intuitive idea that the 
G-action on locally looks like a Gq -action. 

Lemma 4.15. Let Gq be connected. Then, for every xq G X there is a closed 
neighborhood W 3 xq such that p^£w is a Gq -vector vector bundle. Moreover, 

{p^£^,P^£^)go ^T^wip*£'',P*£'')G , r,seN . (4-15) 

Proof. For every it G Go , we consider u as in Lemma l4.12l Let t e (p*£'',p*£'') ; 
for every oj € p~'^{W) , by H4.13|l we find 

{u X t){uj) = Us{x) ■ t{uj ■ u*) ■ u*{x) = Us ■ t{uj ■ g*) ■ u* . 

Thus, the vector field 7rvy(u x t) G {p*£y/,p*£y/) does not depend on the choice 
of m; we define the Go -action 

GqX (p^£'{^,p^£^) ^ {p^£ly,p^£^) ,^ 
u,7rvv(t) I— > M X TTwit) T^w{u xt) . 

In particular, for r — Q , s — 1 the Serre-Swan theorem implies that p*£w is a 
Go -vector bundle. 
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Let now t G (p*£^'',p,5'*)g • Then, Trw{u x t) = irwit) for every w G Go; 
since u{x) — u, x £ W, we find irwit) G ip*£w^P*^w)Go ■ Viceversa, let 
to e ip.£ ^,P^£^)go ■ Let 1/ C X be a closed set with interior V , and such that 
there are strict inclusions W C V , V C U (where U is chosen as by Lemma 
I4.12|l . By the previous argument, the analogue for V of the action (|4.16fl is 
defined. By the Tietze theorem P Lemma 1.6.3], there is ti G (p*£y,p*£y)Go 
such that nw{ti) ~ to- We now consider a cutoff X : X ^ [0,1], Mw = 1, 
Xx-v = 0, and define t2 Xti . It is clear that t2 £ (p*£'",p*£*) , and 
'^w{t2) — ta- Let us verify that t2 £ (p+f 'jP^f )g ; for every g E G , uj £ V , 
X :— p{i-j) , wc find 

(g X t2){uj) = {g(x) X t2){uj) = X{g{x) x ti){uj) = Ati(w) = t2(w) , 

where g{x) £ G is constructed as by Lemma 14.121 fnote g{x)\v = g{x) G Go), 

and g{x) x ti is defined as in H4.16|l . Thus, t2 G ', p*£^)g, and the lemma 
is proven. □ 

Proposition 4.16. Suppose that Gq C §U(c?) is connected. Then, for every 
r, s G N , 

1. there is a natural isomorphism (p,£'",p,£'*) ~ (crg,cr|); 

2. there is a natural isomorphism [p'^^p'^)^ ~ {p^£^ ,p^£''^)g , i.e. there is an 
isomorphism of tensor C*-categories % p^,G . 

Proof. 

1. By definition fRem lX^ . it is clear that (t, o-f) is generated as a C- 
module by elements of so that (t, erg) = £ ■ C, and we obtain isomor- 
phisms (6, (Tf) ~ £ ■ C £ (Sc{x) C — Thus, the isomorphisms 

~ trivially follow. 

2. Let t G {p*£'~ ,p*£'') g; t hen t = J2lm '^lclmi^m , where , "(/"m are 
defined according to (|2.2(l . and cla/ G C. Thus, ,p*£'*)g C ((tJJ,o-|). 
By construction, the action (|4.13|) coincides with the G -action on Axif^G 
for elements of ; by Lemma 14.131 we conclude {p^£^ ,p^£^)g 
C ^, and (p*£'',p*£*)g C Moreover, by applying 14.12|l . we find 

p(<) = ^ e{s, l)^LCLM'0Me(l, r) = e(s, l)ie(l, r) , 

LM 

thus i G {p'',p'')e. Viceversa, if t G {p'',p'')e then i = I]l,a/ ^i^iM'^M , 
where tiM := V'l^V'a/- We now prove that i^A// belongs to C: first note 
that 

tLAia = iplttpMa = ipltp''{a)TpM = iptp" {a)tipM = atLM , 
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a e A, thus <LM & A' n {A yi^G). Furthermore, 

(^sitLAi) ^ (J£{ipl)p{t)a£{'ipM) = (T£{tpl)e{s, l)te(l,r)CT£(V'M) = tLM- 

Since £ C (i, ag) , the previous computation implies iptLM = '^siiLM)^-' = 
tLMip, 'ip £ , i.e. ti^M commutes with elements of £ . Since xi^ G is 
generated by £ , we conclude that t^M belongs to C; thus, we proved 
that t € (ct£,(t|) ~ . Since by definition t is G-invariant, the 

proposition is proven. 

□ 

Theorem 4.17. Let fi : G —i- p be a dual action, where G C SU£ is locally 
trivial with connected fibre Go C SU((i) . Then, for every x ^ X there is a 
compact Lie group Lx Q Go , unique up to conjugation in Go , such that: 

1. every (p'',^*)^ is a continuous field of Banach spaces, having fibres iso- 
morphic to (H^, H^i)l^ , X ^ X ; 

2. Op^e is a continuous bundle of C*-algebras, with fibres isomorphic to Ol^ , 
xeX. 

Proof. By the previous proposition, we identify {p^,p'')s with (p^fjp^f)^ . 
Thus, every t G {p^,p'^)s niay be regarded as a continuous map t : fl ~> £^'^ 
satisfying (|4.14|) : in particular, every restriction t\p-i(x) takes values in the fibre 
f^'* ~ {H'^i, H^) ■ For every a; € X , let us consider the vector space 

p^ {t. := : p~\x) ^ {H:^,H^) , t e (p^p^)e} . 

If i e then by (|4.14(l we find that the norm function nt € C{Q): 

nt{ijj) :— \\t{uj)\\ is constant on p~^{x), x £ X (in fact, nt(w) = nt(w • (?) , 
g G G); so that, nj e C{X) and \\t\\ = \\nt\\. In other terms, the vector 
field {tx)x(^x G Ha; /"a;'* ^ coutinuous norm function. We define the set 
0r,s := {{tx) € Ha; Pa;'* • * ^ {p^ TP'')e}] by coustructiou, Qr,s defines a unique 
continuous field of Banach spaces (0 Prop. 10. 2. 3]); in such a way, we interpret 
(p'',/5*)e as the module of continuous sections of the corresponding bundle of 
Banach spaces. 

Let us now prove that p^:^ ~ {H^^, H^)l^ for some closed Lie group L^ QGa- 
We consider a set of the type {oj^ C Jl, and define L^ := 

{m G Go : LOx ° oix^u ~ <^x\ ■ If i G u E Lx, then (|4.14|) imphes 

t{ujx) = t{ujx o Ux^u) = Us ■ t{ujx) ■ K- Thus, t{ujx) G {H^,H^)l^- We de- 
fine the linear map 

T^x-.p'-x' --{HI.HDl^ , 'Kx{tx):^t{u:x) . 

By H4.14|l . we find that tt^, is isometric. Furthermore, let io G {Hj,, H^)l^ ; 
then, a vector field ti G ~ G(p^^(a:)) (g) {H^,H^) is defined 

by • u) := u(io) = Ust^u*, u G Go . By construction, ti is Go-invariant 
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w.r.t. the action (|4.13l) . Let W C X he a closed set trivialiazing Q as in 
Lemma 14.121 by the Tietze theorem ^ Lemma 1.6.3], there exists a vector 
field t2 & {p*£w^P*£w)Ga extending ti. By (|4.15|) . there exists a vector field 

is e {pitE"^ ,p^£'^)g extending t2 , so that 'nx{ti) = to . Thus is also surjective, 
and the first assertion is proved. The second assertion trivially follows from the 
first one. □ 



5 Special endomorphisms induce dual actions. 

5.1 The main result. 

The following basic result is a direct consequence of Lemma 14.61 Lemma 14.91 
and Thm l4.l7l It supplies a bundle descprition of the category % associated 
with a weakly special endomorphism. The hypothesis ci{p) e N is made just 
in order to simplify the exposition (see the remarks following Def l4.5|l . 

Theorem 5.1. Let p be a weakly special endomorphism of a unital C*-algehra 
A, with class c{p) — d® ci{p), d S N. Then, for every rank d vector bundle 
£ — !■ XP with first Chern class ci{p) , there is a dual action 

p, : S\J£ -^pC enAA . 

Moreover, Op^^ is a continuous bundle of C*-algebras over X^ , with fibres 
isomorphic to , x £ X^ , where C §U((i) is a compact Lie group unique 
up to conjugacy in §lLJ(d) . Finally, there is an inclusion Osuf ^ ^p,£ of 
C*-algebra bundles. 

Corollary 5.2. For every r, s G N, the symmetry intertwiners spaces 
are continuous fields of Banach spaces over X^ , with fibres {H]j^, H^)c , x Cz X . 
Moreover, with the notation of Prop \'4.16\ there is an isomorphism pe — p*SU£, 
i.e. {p'' ,p'')s ~ {p^S'' ,p^£'')su£ , r,seN. 

Example 5.1. Ln the case of canonical endomorphisms considered in it 
turns out that every is a trivial field for a fixed compact group G: 

(p^p«)e ~ G{XP) (g) (HI,H'^)g. The fibre {H^,H^)g corresponds to the in- 
tertwiners space (p'',p'')c (about the previous notation, see Thm.4-.10 of the 
above- cited reference). 

5.2 Final Remarks. 

Let p G end^ be a quasi-special endomorphism; by using Thm l5.ll it is possible 
to construct the crossed product ^ x^^ SUf . By Lemma f4. 131 the fixed-point 
algebra w.r.t. the action 

a : SUf ^ autxp(^ >^;. SUJ) 
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is ^ . In order to establish an isomorphism of tensor C*-categories c:^ G for 
some closed group G C SUf , wc should construct a crossed product G 
with the condition ^' n xi^ G) = n ^' , as by ProD l4.1l1 Such a crossed 
product should be obtained as a suitable quotient of .4 x ^ SU£ . 

At this purpose, let us recall the original construction by Doplicher and 
Roberts for the trivial-centre case (^n^' = CI ^ f = C^). As a first step, 

the crossed product B := Axi^SV{d) is considered; then, the following quotient 
is defined: 

T := B / (GU^) B) , 

where C := G(0) is the centre of S, w G il, C^{Q) := {c € C : c(w) = 0}; we 
denote hy rj : B ^ T the associated epimorphism. Now, by construction there 
is an action a : SU((i) aut(;B) ; we define 

G {g e SV{d) : uj o Ug ^ uj} . 

It is clear that C^{fl)B is G-stable, thus we may introduce the action (3 : G ^ 
BMtT , Pg o rj = rj o ag , g € G . At this point, an isomorphism ~ ^ x^ G is 
estabhshed, and it turns out that Tj{Ay n = CI (see [121 Thm.4.1]). 

In order to perform the analogous construction for ^ n y^' ^ CI , the pure 
state u! has to be replaced with a G( A") -epimorphism ip : C ^ G{X). In such 
a way, we may define J- := B/ (her ip B) , and conclude ~ ^ x^ G in the 
same way as Doplicher and Roberts. In the case considered by Baumgartel and 
Lledo (0]), it is easy to construct such a (p: in fact, by using 10, Lemma 5.1] 
it can be proved that C ~ G{X) C , where C is the G*-algcbra generated by 
elements of the type t*ip, t £ (t,p'')c, ?A e i?^, r G N (see Ex l5.1|l . So that, 
we may define ip := idx fX" io' , where uj' belongs to the spectrum of C . 

In the general case, the existence of (p is not trivial to prove. Moreover, 
the group G reconstructed in this way depends on the choice of £ (see [21 
Cor. 4. 18, Ex. 4. 7] for examples in the case G = SU£). These questions, relative 
to existence and unicity problems, will be approached in a forthcoming paper. 

Acknovirledgments. The author would like to thank S. Doplicher, for hav- 
ing proposed (and successively supported with improvements and encourage- 
ments) the initial idea of this work for his PhD Thesis. 
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